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ABSTRACT 

T h i s  pape r  p r e s e n t s  Galer.. n approximat-Jns  f o r  s o l u t i o n s  o 

d imens iona l  i n t e r f a c e  problems by s o l v i n g  co r re spond ing  boundary 

two 

i n  t e g r  a1 

e q u a t i o n s .  These are ob ta ined  by s imple  l a y e r  p o t e n t i a l  o p e r a t o r s  on ly .  

Due t o  t h e  s t r o n g  e l l i p t i c i t y  o f  t h e  i n t e g r a l  e q u a t i o n s  t h e  G a l e r k i n  pro- 

cedure  converges  w i t h  op t ima l  o rde r .  

h igh  convergence r a t e s  f o r  t h e  l a y e r s .  

Smoothness o f  t h e  g iven  d a t a  i r n p l i e s  
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1. Introduction 

Recently for the problem of the scattering of time harmonic electromagnetic 

fields by metallic obstacles, the eddy current problem, Hariharan and MacCamy [ 3 j ,  

obtained two-dimensional results using boundary integral equations in the context 

of classical function spaces. They studied the interface problem (Ps) for 

the potential I$ of the electric field induced by a thin wire carrying a 

pericdic current. 

solution determines the solution of 

to solve the same system with less regularity assurptions in appropriate Sobolev 

spaces and (ii) to obtain theoretical error estimates for the Galerkin method 

when the system of boundary integral equations is solved approximately with a 

They obtained a system of boundary integral equations whose 

(Pe ) .  The goals of this paper are ( 5 )  

regular finite elements method. A corresponding numerical Galerkin-collocation 

method based on our theory will be reported elsewhere. 

We shall begin with a brief description of the physical problerr. Let R 

be a simply connected bounded region in IR and ,52 = R E. Here, Gf is to 

represent air and 52 cross section of a rretallic cylinder in the x - y  

plane (see Figure 1). 

fields ,E , 5 , and that all fields g ,  are transverse magnetic and time 

harmonic with a single angular frequency w. 

choice of x, y ,  z axes, ,E = E^k, $ = H i + H 2 3  where E, HI, H2 are fu.c- 

tions of x and y only. Our underlying assumptions are that the conductivity of 

air is zero and displacement current can be neglected in metal. E and 13 

satisfy Maxwell's equations in R' and R and are subject to the interface . 

condition that the tangential components of E and H are continuous across 

T the boundary of $2. Then, with appropriate scaling, we have the following 

p r ob lem : 

+ 

We suppose there are incident electric and magnetic 

0 0  
- -- 

This means that, with a proper 

1.. 

- .., 

* - 
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cur l  E = H , c u r l .  H = i a2 E i n  s?, _ -  - _ 

n x  E, n x  H con t inuous  a c r o s s  r .  

n d e n o t e s  t h e  e x t e r i o r  normal t o  f? and a, 13 are non-dimensional  c o n s t a n t s .  - 
We suppose  t h e r e  is a w i r e  p a r a l l e l  t o  the z-ax is  th rough x Z QS 

-0 
- i w t  c a r r y i n g  a p e r i o d i c  c u r r e n t  

f i e l d  

I ( t )  = Re{I  e }, Io  € c . Then t h e  i n c i c z n t  
0 

Eo, Ho due t o  t h e  w i r e  w i l l  have t h e  form - . . ,  

0 H ( x , y , z , t )  = R e 1 1  ( B i - 3 
0 3Y - 5  

w i t h  t h e  Hankel f u n c t i o n  of  f i r s t  k i n d  and of  o r d e r  z e r o  

0 The f i e l d s  E , Ho s a t i s f y  I4axwell's e q u a t i o n s  (M) i n  9+ {x 1 ( a i r ) .  

I f  w e  seek the  t o t a l  f i e l d s  E ,  H i n  t h e  same form w i t h  4 r e p l a c e d  by 

t h e  s o l u t i o n  @ of t h e  i n t e r f a c e  problem ( P  ), t h e n  E, H satisfy the 

remain ing  Maxwell's e q u a t i o n s  and are  a u t o m a t i c a l l y  d ive rgence  f ree  and 

E - E , H - H satisfy a r a d i a t i o n  c o n d i t i o n .  Thus, a l t o g e t h e r  the two- 

dimens iona l  eddy c u r r e n t  problem f o r  a conduc t ing  c y l i n d e r  i s  reduced 

- . -  0 

- - a  B 

B - . -  

0 0 
_ - - - .  

t o  t h e  i n t e r f a c e  problem: 

2 D $ + i a 4 = 0  i n  Q , 
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where @ ,  2 € Co(r) and 4 -  @B 5 C 2 +  (Q ) u C 0 (r)  s a t i s f y i n g  Sommerfeld's 

r a d i a t i o n  c o n d i t i o n .  Here $I as i n  (1.1)  r e p r e s e n t s  t h e  p o t e n t i a l  induced  

by t h e  w i r e  ( l o c a t e d  a t  a p o i n t  

B 

xi: R + ). 
Note t h a t  i n  (P ) t h e  parameters a,B are rea l  numbers, B be ing  suf -  

B 
f i c i e n t l y  small, namely a2 = o ( ~ o ) ,  62 = 0 ( 1 0 - ~ l )  ( s e e  [ 2 1 ) .  

Figure  1. 

T h e r e f o r e ,  i n s t e a d  of  (P3) w e  c o n s i d e r :  

F ind  $ E C3.(n> U C 2 +  (0 {xo'l) U C 0 (7) such t h a t ,  

2 A $ +  i a $ = O  i n  R ,  

A $  = o i n  R+, 

where $, 2 E C o ( I ' )  and $ - $ o  E C 2 +  (0 ) U C 0 (I'), $ be ing  

bounded a t  i n f i n i t y  . 

It w a s  shown i n  [ 2 ]  t h a t  w i th  

q + X )  = 1 l o g l x - x  I ,  - - -0 
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t h e  s o l u t i o n  4 of (PSI converges  p o i n t w i s e  t o  t h e  s o l u t i o n  + of (Fo)  

as B -+ 0 a t  any f i x e d  x E IR -{xo}. Fur thermore  by [ 2 ]  , [ 3 ]  problem 

(Po) can  b e  t ransformed i n t o  a coupled  sys tem of i n t e g r a l  e q u a t i o n s  on 

t h e  boundary by t h e  use  of s i m p l e  l a y e r  p o t e n t i a l s ,  on ly .  Thus, t h e  

s o l u t i o n  $ of (Po) was c o n s t r u c t e d  by con t inuous  d e n s i t i e s  f and g 

on I' ( s e e  [ Z ] ) ,  namely: 

2 - 

where +o i s  g iven  as above and C E (E, a r b i t r a r y .  The r e g u l a r i t y  assump- 

tions t h a t  

o f  i n t e g r a l  equa t ions  on r .  
$, aJ E C 0 ( r )  and $(m) be ing  bounded y i e l d  a coupled system 

I n  (I) f o r  x E and f E C0(r) w e  have - 
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In  [ 2  ] it is proved t h a t  t h e  more g e n e r a l  sys tem 

1 i s  u n i q u e l y  s o l v a b l e  f o r  g iven  (hl ,h2,a)  E C (r)  x Co(r) x R 

s o l u t i o n  ( f , g , c )  E C ( r )  X C ( r )  X C y i e l d i n g  t h e  e x i s t e n c e  and unique- 

w i t h  

0 0 

n e s s  of t h e  s o l u t i o n  of ( I ) .  The proof w a s  performed by c o n v e r t i n g  ( I f c )  

i n t o  an uncoupled system of Fredholm i n t e g r a l  e q u a t i o n s  of t h e  second k ind  

f o r  t h e  unknown d e n s i t i e s  f , g  E C"(r). 

I n  t h e  fo l lowing  w e  s o l v e  (I)  under less  r e g u l a r i t y  assumpt ions  i n  

a p p r o p r i a t e  Sobolev s p a c e s .  Also we c 5 t a i n  t h e  procf  c f  t h e c r e t i c a l  e r r o r  

estimates f o r  t h e  G a l e r k i n  method when t h e  sys tem (I) of boundary i n t e g r a l s  

i s  s o l v e d  approx ima te ly  w i t h  r e g u l a r  f i n i t e  e lements  on r .  Cons ide r ing  ( I )  

i n  Sobolev s p a c e s  i t  t u r n s  o u t  t h a t  t h e  sys tem (I) i s  s t r o n g l y  e l l i p t i c  i n  

t h e  s e n s e  of [ 1 7 ] ,  i . e . ,  i t  s a t i s f i e s  a Gard ing ' s  i n e q u a l i t y .  T h e r e f o r e ,  

t h e  G a l e r k i n  approximat ion  converges f o r  mesh s i z e  h + O  t o  the e x a c t  

s o l u t i o n  of (I) w i t h  o p t i m a l  o r d e r  due t o  [14]. Fur thermore ,  we want t o  

ment ion t h a t  e x t e r i o r  i n t e r f a c e  problems i n  t h i s  c o n t e x t  a r e  s o l v e d  w i t h  

v a r i a t i o n a l  methods employing non loca l  boundary c o n d i t i o n s  i n  [g], [lo]. 

2, Unique S o l v a b i l i t y  of t h e  I n t e g r a l  Equa t ions  i n  Sobolev Spaces 

F i r s t  w e  c o n s i d e r  t h e  sys tem (I*) f o r  d a t a  g iven  i n  Sobolev s p a c e s  on r .  
Then t h e  o p e r a t o r s  involved  have the f o l l o w i n g  mapFing p r o p e r t i e s .  
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R 
Lemma 2.1: Let C , J? - > IS\ + 2 .  Then f o r  any s E IR t h e  o p e r a t o r s  

g i v e n  i n  (1.3) are bounded mappings as fol lows:  

P roof :  For ( 2 . 1 )  we u s e  t h e  expans ion  of t h e  k e r n e l  

y E c .  1 2 - H(')(z) = - l o g  z + y + O ( z  l o g  z >  4 0  2.rr 

Thus w i t h  a smoothing o p e r a t o r  R w e  can w r i t e  

V a = V o + R  , 

and a p p l i c a t i o n  of t h e  F o u r i e r  t r a n s f o r m  F shows t h a t  V and Vo have 

t h e  same p r i n c i p a l  symbol, namely 

12 

1 - FZ + & l o g  z)  - a ( V a )  = O(Vo)  = -A - - 1 
151 

Hence, Va and Vo are p s e u d o - d i f f e r e n t i a l  o p e r a t o r s  of  o r d e r  -1 y i e l d i n g  

t h e  proposed p r o p e r t i e s  ( 2 . 1 ) 7  ( 2 . 2 )  ( s e e  [ 1 7 ] ,  [ 7 1 ) .  

For ( 2 . 4 )  w e  n o t e  t h a t  N o  i s  j u s t  t h e  o p e r a t o r  a d j o i n t  t o  t h e  double  

R-2 l a y e r  p o t e n t i a l  and t h e r e f o r e  i t  has  a k e r n e l  k ( s , t ) E  C ( r x  r )  imply ing  

t h e  d e s i r e d  smoothness ( 2 . 4 )  ( s e e  [16, Lemma A . l ,  p .  3091).  

For  ( 2 . 3 )  w e  use  t h a t  
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1 .. 
i s  a p s e u d o - d i f f e r e n t i a l  o p e r a t o r  of o rder -3  ( [ 1 5 ] ) .  On t h e  o t h e r  hand t h e  

remain ing  term i n  (2.5) g i v e s  t h e  same c o n t r i b u t i o n  as t h e  a d j o i n t  of t h e  

doub le  l a y e r  p o t e n t i a l .  Thus ( 2 . 3 )  f o l l o w s  from ( 2 . 4 ) .  

F o r  t h e  s o l v a b i l i t y  of  (I*) the  e x i s t e n c e  of  t h e  i n v e r s e  of a n  a u x i l i a r y  

problem i s  c r u c i a l  which comes from t h e  e x t e r i o r  D i r i c h l e t  problem. Here w e  

remark t h a t  t h e  r e s u l t  o f  t h e  fo l lowing  lemma is a l s o  proved i n  [ 5 ]  and f o r  

H'dlder s p a c e s  i n  [ 6 ] .  

Lemma 2 . 2 :  

one s o l u t i o n  ( g , c >  E as+) x a: of 

F o r  any g iven  ( h , a )  E HS(r) X E, s 1 I, t h e r e  e x i s t s  e x a c t l y  

P r o o f :  

un ique  s o l u t i o n  i n  

r a d i u s  of r i s  n o t  e q u a l  t o  one.  It  i s  shown i n  [ 2 ]  t h a t  f o r  

For  (h ,a)  E c'+" (TI r: R ,  i > ~ ,  i t  i s  shown i n  [ 6 j  th,:c < ~ . 3 ;  has a 

C'(r)  x (I, provided t h e  c o n d i t i o n  t h a t  t h e  mapping 

0 ( h , a )  E C 1 ( r )  x TR ( 2 . 6 )  has  a unique s o l u t i o n  i n  C (r) X C wi thou t  

t h i s  c o n d i t i o n .  

done i n  two s t e p s .  

W e  f i r s t  g i v e  t h i s  proof i n  H z l d e r  spaces .  This is 

F i r s t ,  t h e r e  e x i s t s  e x a c t l y  one s o l u t i o n  (fo,yo) € C c o ( r )  x R sa t i s -  

f y i n g  

(r)  t h e r e  e x i s t s  e x a c t l y  one s o l u t i o n  f E C a ( I ' )  l + C L  Fur thermore  f o r  any h E C 

of  
P 

V ( f  ) = h + Tl(h) , 
O ?  (2.8) 

where t h e  f u n c t i o n a l  r l ( h )  i s  given by 
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( 2 . 9 )  rl(h) = I, 1 JrVo(fp) (O)dO - 1.” ( 0 )  d a  , L: = l e n g t h  of  r 

and 0 is  t h e  arc l e n g t h .  
a 

The uniqueness  and existence of f E c ( r )  was shown by d i f f e r e n t i a t i n g  
P 

(2 .8)  w i t h  respect t o  t h e  arc l e n g t h .  Then (2.8)  becomes 

f (Y) 
Hf  P + RfP = Z’ Hf P : = p . v .  L{L 2n r x y  s -s  d s  Y Y  - dh 

(2.  l o )  

which i s  a s i n g u l a r  i n t e g r a l  e q u a t i o n  w i t h  t h e  H i l b e r t  k e r n e l  p l u s  a smooth 

remainder .  

Upon app ly ing  t h e  H i l b e r t  t r ans fo rm,  e q u a t i o n  (2.10)  becomes a Fredholm 

i n t e g r a l  equa t ion  of second k ind  f o r  f s i n c e  f o r  any f E L 2 ( r )  
P ’  P 

( s e e  [12]). 
H(HfP) = -f P 

(2.11) 

Thus w e  have 

dh ( I + C ) f  = H - 
P d s  ’ 

s-1 w i t h  a compact o p e r a t o r  C on H ( r ) .  Now, u s i n g  t h e  r e s u l t s  of 

M u s k h e l i s h v i l i  [11, p .  118 f f . ]  t h e  s o l u t i o n  o f  (2 .10)  can be  r e p r s s e n t e d  as 

w i t h  a smooth k e r n e l  r ( * , * )  depending o n l y  on t h e  r e g u l a r i t y  of  r .  
Now t h e  f o r m  (2 .9 )  of  r (h) is  e a s i l y  o b t a i n e d  by i n s e r t i n g  (2.12)  ic- 1 

t o  (2 .8 )  and i n t e g r a t i n g  ove r  I‘. 

S dh s-1 
For  h E H ( r )  obv ious ly  ds e H ( r ) .  The o p e r a t o r  H i s  a s i n g u l a r  

i n t e g r a l  o p e r a t o r  of  Cauchy t y p e  and t h e r e f o r e  a p s e u d o - d i f f e r e n t i a l  o p e r a t o r  

of o r d e r  z e r o  [ 8 ] .  T h e r e f o r e  by d e n s i t y ,  t h e  s o l u t i o n  f of (2 .12)  be longs  t G  
P 
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F i n a l l y  w i t h  t h e  s o l u t i o n s  f,,, fp  of (2 .7)  and ( 2 . 8 ) ,  r e s p e c t i v e l y ,  

the s o l u t i o n  (g,c) of (2 .6)  i s  given by 

(2.13)  

w i t h  

(2 .14)  

and 

(2 .15)  

g =  f + X f 0 ,  
P 

X = a -$f d s ,  
P 

r 

Now w e  are  i n  t h e  p o s i t i o n  t o  formula te  t h e  main r e s u l t  of t h i s  s e c t i o n :  

Theorem 2.3: For  s IR , s > 1, and f o r  any g i v e n  

(h l ,h2 ,a )  H S ( r )  X HS-l(r) X IR 

( f , g , c )  E HS-l(Y) x HS-l(r) x C. 

- 

the sys tem (If;) has  a unique s o l u t i o n  

P r o o f :  I n  (I;\) l e t  u s  set  

(2.16) h: = Vcc(f) - hl ,  

f o r  any f E HS-l(r) and f o r  any hl E H S ( r ) .  

e x a c t l y  one s o l u t i o n  ( g , c )  of (2.6) which c o i n c i d e s  w i t h  t n e  f i r s t  t v o  

Then b y  L e m a  2 . 2  theL-e exists 

e q u a t i o n s  i n  (I*). Due t o  t h e  form (2.13) g EH s-1 ( r )  i s  g i v e n  e x p l i c i t l y  

by 

(2.17) g = A(h): = M(h) + X(h)fo.  

T h e r e f o r e  w i t h  (2.16) t h e  e q u a t i o n  (2.17) r e a d s  

where 
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Thus,  a f t e r  a l l ,  g and c g i v e n  by (2.13) and  (2 .15) ,  r e s p e c t i v e l y ,  g i v e  

t h e  s o l u t i o n  of t h e  f i rs t  two e q u a t i o n s  o f  (I*) i n  terms of f ,  hl and a. 

Now w e  can uncouple t h e  sys tem (I*) by i n s e r t i n g  t h e  e x p l i c i t  form (2.18) of 

g i n t o  t h e  t h i r d  e q u a t i o n  o f  (I*), and w e  o b t a i n  

Due t o  Lemma 2.1 and t h e  R e l l i c h  embedding theorem t h e  o p e r a t o r s  

and NOD are compact i n  Hs- l ( r )  

i s  bounded i n  HS-l(T). 

s i n c e  D - d e f i n e d  by ( 2 . 1 8 )  and ( 2 . 1 2 )  - 

Unfor tuna te ly ,  i n  o r d e r  f o r  o ( f )  t o  be  g i v e n  by (2 .19)  w e  have  t o  

i n s e r t  t h e  d e r i v a t i v e  of  t h e  Hankel f u n c t i o n  (2 .5 )  i n t o  (2 .12 ) .  According 

t o  (2 .11)  w e  o b t a i n  

(2.21) 3 ( f )  = f + R+(f) + : J ( f ) ,  

where R+ i s  a smooth o p e r a t o r .  With W(f) w e  deno te  terms co r re spond ing  

HA1)(/:- Y I )  f o r  small 1: - x i .  I t  t u r n s  t o  t h e  asymptot ic  expans ion  of 

o u t  i n  [ 2 ,  p. 6 3 ,  f f ]  t h a t  t h e  k e r n e l  k ( s , t )  o f  \J behaves as 

- 

and t h e r e f o r e ,  it behaves  as 

which i s  Lhe k e r n e l  of  HVO, this composi t ion  i s  a p s e u d o - d i f r e r e n t i a l  opera-  

t o r  of o rde r -1  because  H h a s  t h e  symbol a(H) = s g n 5  and d V o >  = 2)1; -1 
E Hs-li-) hence HVof € Hs(rj f o r  
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So f i n a l l y ,  w i t h  (2.21) t h e  e q u a t i o n  (2.20) t u r n s  o u t  t o  b e  a Fredholm 

e q u a t i o n  o f  t h e  second k i n d  f o r  t h e  unknown d e n s i t y  f € HS-'(r), namely: 

(2.22) ( I + c l ) f  = Sl(hl,h2) 

where C1 is  a compact o p e r a t o r  i n  Hs-l ( r ) .  For  g iven  h l C  HS(r) 
and h2 E HS-l(I') obv ious ly  Sl(hl,h2) be longs  t o  H s-1 ( r ) ;  f u r t h e r m o r e  

S1(O,O) = 0 ,  see [ 2 ] .  

Using p o t e n t i a l  t h e o r y  i t  is shown i n  [ 2 ,p .  6 6 , f f l  t h a t  I + C1 i s  

i n j e c t i v e  due t o  t h e  un iqueness  of  t h e  o r i g i n a l  i n t e r f a c e  problem 

Thus 

( P o ) .  

s-1 ( I+ C1)-' e x i s t s  and i s  a bounded o p e r a t o r  i n  H ( r ) .  
T h e r e f o r e  i n s e r t i n g  now t h e  e x p l i c i t l y  g i v e n  s o l u t i o n  f E Hs-'(I') of 

(2.22) i n t o  t h e  t h i r d  e q u a t i o n  of (I*) w e  o b t a i n  immediately 

(2.23)  

which a g a i n  is a Fredholm e q u a t i o n  of t h e  second k ind  f o r  g E HS-l ( r )  
due t o  (2 .4 ) .  Again as above,  p o t e n t i a l  t h e o r y  shows t h a t  (2 .23)  i s  

u n i q u e l y  s o l v a b l e .  

Remark 2.4. Note that  w e  have shown i n  t h e  proof  above t h a t  t h e r e  h o l d s  

t h e  a - p r i o r i  estimates w i t h  a r b i t r a r y  c o n s t a n t s  cl, c 2  > 0 
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Also ,  by t h e  Fredholm p r o p e r t y  of  t h e  e q u a t i o n s  (2 .22 ) ,  (2 .23)  t h e r e  

h o l d s  a Gzrd ing ' s  i n e q u a l i t y  which is  c r u c i a l  f o r  the convergence of  t h e  

G a l e r k i n  approximat  i o n  [ 1 4  I . 

Lemma 2.5: 

t h e  i n e q u a l i t i e s  

For  a l l  ( f , g )  C H s - l ( r )  X HS-'(I'), s 2 1, s € IR, t h e r e  h o l d s  

(2.26) 

2 2 
where k i ( * , * )  ( i =  1 , 2 )  i s  a com?act bilinear form on L (r) X L (T). 

The proof i s  obvious s i n c e  t h e  compactness o f  9 . )  i s  impl i ed  b y  t h e  

- smoothness of  C1 and t h e  compactness of k, ( * ,  * )  i s  impl i ed  b y  t h s  sxooth-  - 
n e s s  of N o .  

3. The Ga le rk in  Method f o r  t h e  I n t e g r a l  Equat ions  

I n  t h i s  s e c t i o n  w e  f o r m u l a t e  t h e  c o n s t r u c t i v e  s o l u t i o n  of t h e  system 

w i t h  G a l e r k i n ' s  p rocedure  u s i n g  one-dimensional  r e g u l a r  f i n i t e  e lement  s p a c e s  

StYk. = t ' k  x S k ' k  C Hk(I') x H k ( r )  = :ff k , k 2 0 ,  a n  i n t e g e r ,  hav ing  t h e  
h ' 'h 

convergence p r o p e r t y  ( 3 . 3 )  and t h e  i n v e r s e  p r o p e r t y  ( 3 . 4 )  ( s e e  [l]). Due t o  

a r e s u l t  by Hi ldebrandt  and W e n h o l t z  [ 4 ]  t h e  s t a b i l i t y  of  t h e  G a l e r k i n  o p e r a t o r  

( 3 . 7 )  f o l l o w s  from G&-ding's i n e q u a l i t y  (2 .26) .  Thus,  a s y m p t o t i c  e r r o r  e s t i -  

mates w i t h  op t ima l  o r d e r  are  v a l i d  f o r  t h e  G a l e r k i n  p rocedure  co r re spond ing  t o  

(3 .1)  ( s e e  [14]). 
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I n  t h e  f o l l o w i n g  we  a b b r e v i a t e  (3.1) as 

(3 .2)  B U  = S, w i t h  U = (:) E Hs-'(r) X H s - l ( r )  = : H S - l .  

Then w e  assume f o r  t h e  components: 

a )  For any v E Hr( r )  t h e r e  e x i s t s  a ? E St'k w i t h  t > r and a 
h 

c o n s t a n t  C > 0 independent  of h and v such  t h a t  f o r  q min{k,r) 

( 3 . 3 )  

b )  For q 5 r ,  k r t h e r e  e x i s t s  a c o n s t a n t  M > 0 independent  of 

h such t h a t  f o r  a l l  u C  S t ' k  
h 

( 3 . 4 )  

Note t h a t  t h e  parameter i n  S k '  have t h e  f o l l o w i n g  meaning : 

i )  h ,  0 < h < 1, i s  a parameter of mesh w i d t h ,  - 

i i )  t-1 d e n o t e s  t h e  deg ree  of  t h e  p i e c e w i s e  polynomia ls  used a s  b a s i c  

f u n c t i o n s ,  

i i i )  k d e s c r i b e s  t h e  conformity of t h e  f i n i t e  e l e m e n t s ,  i . e .  

'h t 'k  C H k ( r )  [l]. 

Toge the r  w i t h  t h e  Gzrd ing ' s  i n e q u a l i t y  (2 .26 )  t h i s  i s  s u f f i c i e n t  t o  d e r i v e  

a s y m p t o t i c  e r r o r  estimates i n  Sobolev norms f o r  t h e  G a l e r k i n  s o l u t i o n  of t h e  

f o l l o w i n g  problem: 

C Hk such  t h a t  f o r  a l l  V :  = ( ' / , a>  E Sh t , k  - 5 -  

Find  Uh: = ( fh ,gh )  E sh' 

(3.5) 
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2 
where L 2 ( r ) :  = L 2 ( r )  x L ( r )  and where U = ( f , g )  E ffS-l i s  t h e  e x a c t  

s o l u t i o n  of (3 .2) .  More e x p l i c i t l y  (3.5) r e a d s  

where S = (S1,S2) E ffS-l i s  t h e  g iven  r i g h t  hand s i d e  i n  ( 3 . 1 ) .  

Theorem 3.1: Let  t L 1, 0 < h - < 1. Then t h e  G a l e r k i n  o p e r a t o r  

d e f i n e d  by (3.5) i s  un i fo rmly  bounded independent  of h .  Moreover, we 

have  t h e  e r r o r  estimates f o r  0 < t < r - -  

where t h e  cons t anc t  C i s  independent  of h ,  U and Uh.  

P roo f :  Due t o  Gzrd ing ’ s  i n e q u a l i t y  (2.26) and t h e  i n j e c t i v i t y  

of t h e  o r i g i n a l  sys tem (3.1)  a g e n e r a l  r e s u l t  by H i l d e b r a n d t  and Wienholtz 

[ 4 1  shows t h a t  t h e  Galerlcin s o l u t i o n  

converges  t o  the e x a c t  s o l u t i o n  U f o r  h +- 0. Fur thermore  t h e r e  e x i s t s  

a c o n s t a n t  C > 0 independent  of h such t h a t  

Uh of  (3.5) e x i s t s ,  i s  unique  and 

( 3 . 9 )  

Using a technique  by N i t s c h e  [131 and t h e  p r o p e r t i e s  ( 3 . 3 ) ,  (3 .4)  w e  o b t a i n  

w i t h  (3.9) t h e  d e s i r e d  estimate (3 .8 ) .  T h i s  is  shown by choos ing  an a r b i -  

t r a r y  e lement  6 E S t T k  and u s i n g  t h e  p r o j e c t i o n  p r o p e r t y  
h 
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f o r  any  ii E S, t 9 k  of GB. Thus 

B 
Now w e  u s e  t h e  uni formly  boundedness ( 3 . 9 )  of  t h e  G a l e r k i n  o p e r a t o r  G 

and can estimate f u r t h e r  a s  follows. 

Remark 3 . 2 :  Obviously t h e  e s t i m a t e  (3 .8)  h o l d s  a l s o  f o r  t h e  components it- 

s e l f  due  t o  t h e  Gzrd ing ' s  i n e q u a l i t i e s  (2 .26)  and t h e  uncoupled form ( 3 . 1 ) .  

So f o r  example w e  have 

. 
due t o  t h e  a p r i o r i  estimate (2.24) .  
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r E: c3+&, E > 0 there h o l d s  

Thus choos ing  s - l =  2% i n  (3.10) y i e l d s  

Remark 3 .3 :  

unknown d e n s i t i e s  f , g  u s i n g  t h e  boundary element  method. Hence, obv ious ly  

approximat ions  f o r  t h e  s o l u t i o n  of t h e  i n t e r f a c e  problem (Po)  can  

be  o b t a i n e d  by i n s e r t i n g  t h e  approximat ion  o f  t h e  d e n s i t i e s  i n t o  t h e  s i n g l e  

Thus w e  have c o n s t r u c t e d  G a l e r k i n  approx ima t ions  o f  t h e  

l a y e r  p o t e n t i a l  r e p r e s e n t a t i o n s  ( 1 . 2 ) .  

Remark 3.4: 

depends on t h e  smoothness of boundary d a t a  

c u r r e n t  problems smoothness of t h e  d a t a  i s  given by smoothness of t h e  boundary.  

Thus t h e  o r d e r  of convergence of G a l e r k i n ' s  approximat ion  i s  e a s i l y  i d e n t i f i e d  

w i t h  t h e  smoothness o f  t h e  boundary. 

I n e q u a l i t y  (3.10) c l e a r l y  i n d i c a t e s  t h e  o r d e r  of convergence 

I n  our  c o n t e x t  of eddy h l ,  h2.  
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